] it has been shown that in observations of the quantum anomalous Hall (QAH) effect the longitudinal resistance R L increases as temperature T increases, while Hall resistance R H loses its quantization with increase in T . This behavior was explained due to increased thermal fluctuations as T increases. We show that similar effects arise in QAH samples with quasi-helical edge modes as disorder increases in presence or absence of inelastic scattering even at temperature T = 0.
I. INTRODUCTION
The experimental realization of quantum Hall(QH) effect in a 2DEG in presence of a magnetic field opened a new direction in dissipation less transport enabled via edge modes [2] . These chiral topological edge modes are potentially useful in low power information processing [3] . The recent discovery of another cousin brother quantum anomalous Hall (QAH) effect [5] [6] [7] opens up the possibility of its use as current carrying dissipation less edge modes even in absence of magnetic field. In addition, due to the spin polarization of these QAH edge modes, they can be used in spintronic devices as well. The physical origin of QAH effect is different from that of the QH effect, while QH effect was observed in a 2DEG in presence of a magnetic field, QAH effect is observed in ferromagnetic topological insulators in presence of intrinsic spin orbit coupling [8, 9] . QAH edge modes consist of chiral propagation of electrons with complete spin polarization, i.e., at one edge of a 2D sample say, spin up/down electron is moving to the right then and at the other edge of the sample spin up/down electron is moving to the left. The longitudinal resistance is zero in case of a single chiral(topological) QAH edge mode. However, experiments [6] [7] [8] reported a finite longitudinal resistance. These experiments explained their results by speculating that a QAH chiral edge mode always appears in conjuction with quasi-helical QSH edge modes, see Refs. [6] [7] [8] [9] . This is reasonable since the QAH edge modes seen in Refs. [6] [7] [8] [9] are generated from helical QSH edge modes by applying an extra ferromagnetic layer and opening a gap between the pair of helical edge modes. In this way, by splitting the helical edge modes and then suppressing one of them, a single chiral QAH edge mode is sought to be generated. The experimental results of [6] [7] [8] and the subsequent interpretation [9] of these experiments as seeing not just a chiral(topological) QAH edge mode but in addition also a pair of quasi-helical QSH edge modes were the only game in town until the experiments of Refs. [1, 5] . In Refs. [1, 5] , the conductivity of a six terminal QAH bar at finite temperature is probed. It is shown in these works that the longitudinal conductivity σ xx decreases with increasing reciprocal temperature (1/T ). The longitudinal resistance R L and Hall resistance R H are related to the lon- * colin.nano@gmail.com 
When we convert the longitudinal conductivity of [1] to longitudinal resistance via the relation (Eq. (1)), we see that the longitudinal resistance increases with increasing temperature, as in Fig. 1(a) . Similarly, if we convert the Hall conductivity of Ref. [1] to the Hall resistance, we see that it loses its quantization as shown in Fig. 1(b) . Similar characteristics of Hall and longitudinal resistances with temperature have also been observed in Refs. [15, 16] . In
Ref. [15] it's been shown that for temperatures below 1K R L is zero and R H is quantized, but above that temperature R L increases exponentially while R H loses its quantization. It has been explained therein that this finite R L and non-quantized R H are due to inhomogeneous coupling of Dirac electrons and magnetic impurities in the topological insulator and the presence of bulk conduction along with edge conduction. In
Ref. [16] on the other hand, finite R L has been explained as due to the change in transmission probability via domain walls in the topological insulator wherein the transmission probability becomes temperature dependent. In this letter we theoretically scrutinize a six terminal QAH bar, focusing on the longitudinal resistance R L and Hall resistance R H at zero temperature, see in this paper is to seek to find whether disorder on its own or aided by inelastic scattering can explain the finite longitudinal resistance and loss of quantization of Hall resistance at zero temperature. We conclude that experiments like Refs. [1, 5] can not be just interpreted as indication of chiral QAH effect but rather of QAH edge mode occurring with quasi-helical QSH edge modes too at zero temperature. Further temperature is not the sole reason for seeing finite R L , existence of quasihelical edge modes could also be a plausible reason.
The rest of the paper is organized as follows-first we discuss the Landauer-Buttiker formalism at zero temperature, required to calculate the longitudinal and Hall conductivity in a six terminal QAH sample. We then discuss two cases-1) a single chiral (topological) QAH edge mode existing in a six terminal QAH sample, and 2) a single chiral (topological) QAH edge mode occurring in conjuction with quasi-helical QSH edge modes in a six terminal QAH sample, from now addressed as QAH+, to distinguish it from the previous case. In each case we calculate the longitudinal resistance and Hall resistance for a) disordered sample and b) disordered sample with inelastic scattering at zero temperature. We bring out the fact that the model of a chiral QAH edge mode existing with quasi-helical QSH edge modes can explain the results of Refs. [1, 5] at T = 0. We end the manuscript with some concluding remarks.
A. Landauer-Buttiker formalism
The Landauer-Buttiker formula relating currents (I i ) and voltages (V i ) at zero temperature [18, 22, 23] for multi-terminal devices is defined as-
with T
and
where e is the electronic charge, h is Planck constant, T σσ i j is the transmission probability from terminal j to terminal i with initial spin σ to final spin σ (where σ, σ =↑ / ↓) of electrons, N σ is the number of edge modes with spin σ =↑ / ↓, s i j is the element of the scattering matrix S which relates the incoming edge mode amplitudes with the outgoing, and V i is the potential bias applied at terminal i with i, j = 1 − 6 (in our case).
II. DISORDERED 6T QAH BAR
A six terminal Hall bar with a single chiral (topological) QAH edge mode is shown in Fig. 2(a) . Herein, we analyze the longitudinal and Hall resistances at zero temperature. Two of the contacts 1 and 4 are disordered, i.e., transmission probability
is the index of disordered contact) are less than unity. D i (= R i , reflection probability at contact 'i') implies the strength of disorder at contact i, which ranges from 0 < D i < 1. D i = 1 implies the contact to be completely disordered and D i = 0 implies the contact to be ideal (without disorder). The transmission probabilities, T σσ i j 's can be calculated following Eqs. (3, 4) , where N σ is the no. of edge modes carrying electrons of spin σ at contact i and s i j is the element of scattering matrix S (given in the Appendix section A). The transmission probability for an electron from contact '6' to contact '1' is T 16 = ∑ σσ T σσ 16 = T 1 = (1 − D 1 ) (the transmission probability for a spin up electron from contact 6 to contact 1 without a spin flip is T 1 , i.e., T 
with the conductance matrix as shown below-
Choosing reference potential V 4 = 0 and I 2 = I 3 = I 5 = I 6 = 0 (as these are voltage probes) we get the relations between
Thus, for a single chiral QAH edge mode the longitudinal and Hall resistance do not get affected by the presence of disorder at contacts 1 and 4.
All probe disorder
Herein, we calculate the longitudinal and Hall resistance when all contacts are disordered. For all disordered contacts there will be multiple paths from one contact to another. An electron after emerging from one contact, say contact 1 can reach another contact, say contact 3 directly after reflecting at contact 2 with scattering amplitude t 1 r 2 t 3 , but this is only one of the many paths. It can also reflect at contact 3 and then at contacts 4, 5, 6, 1, 2 and then finally enters contact 3 with scattering amplitude t 1 r 2 t 3 (r 1 r 2 r 3 r 4 r 5 r 6 ). Summing all these paths we get the total scattering amplitude for an electron from contact 1 to 3 as s 13 = t 1 r 2 t 3 /a, where a = 1 − r 1 r 2 r 3 r 4 r 5 r 6 . Thus the transmission probability T 13 == T 1 T 3 R 2 /a 2 . Similarly, all other transmission probabilities T i j 's for i, j = 1 − 6 can be calculated. The current-voltage relations derived from scattering matrices and following Eqs. (2, 3, 4) are-
Thus, we see even if all the contacts are disordered, the longitudinal resistance still vanishes, while the Hall resistance slightly deviates from its quantized value.
A. Disordered 6T QAH bar with inelastic scattering
Herein we analyze the longitudinal and Hall resistances in presence of both disorder as well as inelastic scattering and as before, contacts (1, 4) are disordered as shown in Fig. 2 
(b).
The probability of an electron to get reflected or transmitted through a disordered contact is R i (= D i ) and T i (= 1 − D i ) respectively with T i + R i = 1 and i = 1, 4. If the length between two contacts is larger than the inelastic scattering length, then edge modes are inelastically scattered which is shown by the brown colored starry blobs in Fig. 2(b) . Inelastic scattering equilibrates the population and energy of the electrons coming from two or more different contacts via electron-electron interactions at zero temperature or electron-phonon interactions at finite temperature. Inelastic scattering considered in our paper via equilibration of energy of the edge modes is different to the widely used Buttiker's voltage probe model. Inelastic scattering via Buttiker's voltage probe refers to inelatic scattering happening at a particular place between two contacts [20, 21] , while in our case it can happen any where throughout the region between those contacts [18, 19] . However, both the models leads to same result. The edge modes existing between contacts 1 and 2 are equilibrated to a new potential V 1 , similarly the edge modes occurring between contact V i and V i+1 are equilibrated to V i , where i = 2 − 5 and between contacts 6 and 1 to V 6 . As the current contacts 1 and 4 are disordered, the transmission probabilities through these contacts are T 1 , T 4 . Thus, currents and voltages at contacts 1 to 6 are related by the following equations-
Choosing the reference potential V 4 = 0 and I 2 = I 3 = I 5 = I 6 = 0 (since these are voltage probes), we get
Equilibration (say at V 1 ) can be explained as follows-the total current coming into V 1 consists of -(i) an edge mode, originating at V 6 with current
h R 1 V 6 , and (ii) an edge mode coming from V 1 with current sum of these two incoming currents
brated to the outgoing current
larly, equilibration at other starry blobs can be explained. The equations resulting from the equilibration's are given below-
From Eq. (8) and Eq. (7) we get the relations between the contact and equilibrated potentials as- 
III. DISORDERED 6T QAH+ BAR
The six terminal QAH bar is shown in Fig. 2(c) . In addition to the QAH edge mode (spin-up polarized) shown as a black solid line, there are two quasi-helical edge modes shown as red (spin-up) and blue (spin-down) dotted lines. Since these quasihelical helical edge modes are prone to spin flip scattering. We introduce ' f '(-spin flip probability) to denote the probability of are quite large, so we plot them in Fig. 3(a,b) . Increase in disorder implies increase in elastic scattering which in general occurs when temperature increases. In Fig. 3(a,b) , we see for the QAH case (single chiral QAH edge mode) both the Hall are dependent on disorder and this dependence mirrors that seen in Fig. 1(a,b) which was also observed in Refs. [1, 5] . To conclude this subsection the role of temperature in any mesoscopic experiment is to increase the amount of electron-phonon scattering as temperature increases, which in general leads to inelastic scattering. Therefore for a proper comparison with the experiments of Refs. [1, 5] we need to include inelastic scattering also. Here, of course the inelastic scattering is included phenomenologically and is at zero temperature too implying that it is a model for electron-electron interaction rather than electron-phonon interaction.
Why we do not consider all probe disorder
We can calculate for QAH case the conductance in presence of all disordered contacts. However, for QAH+ case, as we increase the number of disordered contacts in our problem, it increases the difficulty in calculating the transmission probabilities due to increase in number of trajectories between different contacts. If we consider all the contacts to be disordered then to calculate the transmission probabilities would be almost impossible for QAH+ case. Thats why we have chosen only two contacts 1 and 4 are to be disordered which are widely separated for simplicity only.
A. Disordered 6T QAH+ bar with inelastic scattering
The effect of both disorder as well as inelastic scattering is taken into consideration now, see Fig. 2(d) . The topological QAH edge mode equilibrates to a new potential V i (i = 1 − 6) and does not equilibrate its energy with the quasi-helical QSH edge modes. On the other hand quasi-helical QSH edge modes equilibrate between themselves to a new potential V i .
The spin flip probability between the QSH (quasi-helical) edge modes is f . The probability of an electron coming out of contact 1 via up spin polarized QAH (topological) edge mode is T 1 . To calculate the probability of an electron coming out of terminal 1 via spin up/down quasi-helical QSH edge modes, we need to consider the scattering amplitudes, as due to the presence of disorder along with spin flip scattering between the quasi-helical QSH edge modes there are multiple paths from one contact to another. The scattering amplitude s ↑↑ 11 , the reflection amplitude from contact 1 to itself with initial spin up to final spin up via quasi-helical QSH edge modes is r 1 − t 2 1 r 1 f a with a = 1 − R 1 f . This derivation is shown in Appendix section C. The transmission probability T ↑↑ 11 for the quasi-helical QSH edge mode can be derived following Eq. (3), which is . So, the total probability of an electron to come out of contact 1 via the quasihelical QSH edge mode is
. We need to add this transmission probability via the quasi-helical QSH edge mode with that for the chiral QAH edge mode, by doing so we get the total probability
So the current coming out of contact 1 is I out
The currents coming into contact 1 are from equilibrating potentials V 6 , V 1 and V 6 . The currents coming into contact 1 via the topological QAH edge mode is e 2 h T 1 V 6 , while via quasi-helical QSH edge modes
h T 1 V 6 . The net current out of contact 1 is then
with I 4 = −I 1 , where a = 1 − R 1 f and c = 1 − R 4 f . (13) The currents at rest of the contacts (explained in the Appendix section C) are as follows- in presence of disorder as well as inelastic scattering are quite sizable so we scrutinize them via plots as in Figs. 4(a,b) . In Figs. 4(a, b) we see that when both disorder and inelastic scattering is taken into consideration, for a single chiral QAH edge mode the longitudinal resistance R QAH L is zero while the Hall resistance R QAH H is quantized as before implying that for a single a chiral QAH edge mode the transport coefficients are independent of disorder as well as inelastic scattering. Now further for a chiral QAH edge mode existing with quasi-helical QSH edge modes (QAH+ case) R QAH+ H loses its quantization while R QAH+ L increases with disorder showing a similar behavior as was observed in Refs. [1, 5] with temperature and also shown in Figs. 1(a,b) . The data in Fig. 1 shows how a finite longitudinal resistance (R L ) and deviation of Hall resistance (R H ) from the quantized value arise as temperature increases. Our results show that a finite R L and non-quantized R H arise with disorder even at zero temperature. We have shown tha the effect of temperature on edge mode transport is similar to the effect of scattering via disorder. As temperature increases the scattering of electrons increases due to the decrease in elastic scattering length l e and also of phase coherence length l φ . If l e decreases the scattering of electrons increases via disorder and similarly if l φ decreases then scattering of electrons increases due to inelastic scattering. In our paper, as we increase the disorder strength from zero (no disorder) to maximum (complete disorder), independent of inelastic scattering, we see that longitudinal resistance increases exponentially while the Hall resistance deviates from its quantized value. Inelastic scattering has a weak temperature dependence as shown in Fig. 4 . The finite R L and non-quantized R H are mainly due to presence of disordered contacts. Inelastic scattering does not lead to any qualitative change only the magnitude of R L and R H changes. 
IV. CONCLUSION
We see that presence of finite longitudinal resistance and deviation from Hall resistance quantization in a QAH insulator exists not only in presence of temperature as explained in Refs. [1, 5] but also due to the presence of quasi-helical helical QSH edge modes along with chiral QAH edge mode. We can conclude that experiments as shown in Ref. [1, 5] can not just be interpreted as indication of chiral QAH effect but rather of QAH edge mode occurring with quasi-helical QSH edge modes and further temperature is not the sole reason for seeing finite R L , existence of quasi-helical edge modes could also be a plausible reason.
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V. APPENDIX
The scattering matrix for disordered QAH and QAH+ bar are derived. Further the process of equilibration of currents for disorder with inelastic scattering in QAH+ bar are dealt with.
A. Disordered 6T QAH bar
For chiral (topological) QAH edge mode, the scattering matrix S in presence of disorder is shown below (see Fig. 2(a) 
B. Disordered 6T QAH+ bar
For chiral(topological) QAH edge mode with quasi-helical QSH edge modes the scattering matrix is a 6 × 6 square matrix, pertaining to the six terminals of the QAH bar. However, since there are three edge modes one spin up QAH and spin up and spin down QSH edge modes, arising from each contact, (17) each element s i j of the S matrix is a 3 × 3 matrix, as shown below- (18) in the basis (↑ QAH , ↑ QSH , ↓ QSH ) T . The (1, 1) component of these s i j matrices depicts chiral (topological) QAH edge mode, while (2, 2), (2, 3), (3, 2), (3, 3) elements correspond to the scattering between different spin components of quasi-helical QSH edge modes while (1, 2), (1, 3), (2, 1), (3, 1) which imply scattering between chiral (topological) QAH edge mode and quasi-helical QSH edge modes are all zero as there is no scattering between QAH and two QSH edge modes. Writing all the s i j matrices in Eq. (16) 
T 23 = (1 − f ),
with a = 1 − R 1 f , c = 1 − R 4 f . Replacing R 1 with R 4 in the above equation rest of the transmission probabilities T 31 to T 66 can be written.
C. Disordered 6T QAH+ bar with inelastic scattering
For chiral(topological) QAH edge mode with quasi-helical QSH edge modes the currents between the contacts are derived below. The current coming out of contact 1 is I out 1 = e 2 h T 1 (3 − 2 f + f 2 (−2 + R 1 )R 1 )/a 2 V 1 , and the detailed derivation of I out 1 has been given in the main manuscript. The incoming currents into contact 1 from equilibrating potentials V 6 , V 1 and V 6 is derived below. The current coming into contact 1 via the topological QAH edge mode is e 2 h T 1 V 6 . To calculate the current coming into contact 1 from equilibrating potentials V 1 and V 6 via the quasi-helical QSH edge modes, we look at the scattering matrix amplitudes. The scattering amplitude s ↓↓ 11 of an electron to enter contact 1 from equilibrating potential V 1 via the spin down quasi-helical QSH edge mode is t 1 √ 1 − f , but this is the one of the paths, it can also enter the contact 1 by following a second path with scattering amplitude t 1 r 2 1 f √ 1 − f or a third path with scattering amplitude t 1 r 4 1 f 2 √ 1 − f and so on for infinite no. of paths. After summing over all the scattering paths we get the total scattering amplitude t 1 √ 1 − f /a with the transmission probability T ↓↓ 11 = T 1 (1 − f )/a 2 . Similarly, one can derive the scattering amplitude s
Thus, the current coming into contact 1 from equilibrating potential V 1 is e 2 h (T 1 (1 − f )/a 2 + T 1 R 1 (1 − f ) f /a 2 )V 1 . The probability of an electron coming to contact 1 from equilibrating potential V 6 is same as that coming from V 1 , this can be seen from Fig. 2(d) . So, the current coming into contact 1 from equilibrating potential V 6 is e 2 h (T 1 (1− f )/a 2 +T 1 R 1 (1− f ) f /a 2 )V 6 , thus I in 1 = e 2 h (T 1 (1 − f )/a 2 + T 1 R 1 (1 − f ) f /a 2 )(V 6 +V 1 ) + e 2 h T 1 V 1 . Thus, the net current out of contact 1 is-
with I 4 = −I 1 .
The current at other contacts 2, 3, 5, 6 can be calculated easily by considering the transmission probabilities alone as these contacts are not affected by any disorder. Similarly, current passing through contact 2 can be derived as follows. The current coming out of contact 2 via single QAH edge mode is 
The currents at rest of the contacts can be similarly derived-
with a = 1 − R 1 f and c = 1 − R 4 f . Next we equilibrate the currents at the primed potentials as follows. The current coming into the equilibration potentials V 2 from contact 2 is e 2 h (1− f )V 2 and from contact 3 is e 2 h (1− f )V 3 , while the current coming out of V 2 after equilibration is (1 − f )(V i +V i+1 ) = 2(1 − f )V i , for i = 2, 5
for i = 3, 6, and,
